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We investigate the thermodynamical properties of the apparent horizon in a fractal universe. We 
find that one can always rewrite the Friedmann equation of the fractal universe in the form of the 
entropy balance relation 5Q = T^dSh, where SQ and Th are the energy fiux and Unruh temperature 
seen by an accelerated observer just inside the apparent horizon. We find that the entropy Sh 
consists two terms, the first one which obeys the usual area law and the second part which is the 
entropy production term due to nonequilibrium thermodynamics of fractal universe. This shows 
that in a fractal universe, a treatment with nonequilibrium thermodynamics of spacetime may be 
needed. We also study the generalized second law of thermodynamics in the framework of fractal 
universe. When the temperature of the apparent horizon and the matter fields inside the horizon 
are equal, i.e. T = Th, the generalized second law of thermodynamics can be fulfilled provided the 
deceleration and the equation of state parameters ranges either as— l<q<0, — l<ii)<— l/3or 
as g < —1, w < —1 which are consistent with recent observations. We also find that for Th = bT, 
with 6 < 1, the GSL of thermodynamics can be secured in a fractal universe by suitably choosing 
the fractal parameter p. 



I. INTRODUCTION 



Nowadays, it is a general belief that there is a deep 
connection between thermodynamics and gravity. The 
story started with the discovery of black holes thermody- 
namics in 1970's by Hawking and Bekenstein [H-ll]- Ac- 
cording to their discovery, a black hole can be regarded 
as a thermodynamic system, with temperature and en- 
tropy proportional to its surface gravity and horizon area, 
respectively. After that, people were speculating that 
maybe there is a direct connection between thermody- 
namics and Einstein equation, a hyperbolic second order 
partial differential equation for the spacetime metric. In 
1995, Jacobson [HI] was indeed able to derive the Einstein 
equation from the requirement that the Clausius rela- 
tion 6Q — TSS holds for all local acceleration horizons 
through each spacetime point, where SS is one-quarter 
the horizon area change in Planck units and SQ and T 
are the energy flux across the horizon and the Unruh 
temperature seen by an accelerating observer just inside 
the horizon. Jacobson's derivation of the Einstein field 
equation from thermodynamics opened a new window for 
understanding the thermodynamic nature of gravity. Af- 
ter Jacobson, a lot of works have been done to disclose 
the profound connection between gravity and thermody- 
namics. It was shown that the gravitational field equa- 
tions in a wide range of theories, can be rewritten in the 
form of the first law of thermodynamics and vice versa 
The studies were also generalized to the cosmolog- 
ical setup, where it was shown that the differential form 
of the Friedmann equation in the Friedmann-Robertson- 



Walker (FRW) universe can be transformed to the first 
law of thermodynamics on the apparent horizon (l5l - [26| . 

On the other side, the second law of black hole mechan- 
ics expresses that the total area of the event horizon of 
any collection of classical black holes can never decrease, 
even if they collide and swallow each other. This is re- 
markably similar to the second law of thermodynamics 
where the area is playing the role of entropy. Note that 
the second law of black hole thermodynamics can be vi- 
olated if one take into account the quantum effect, such 
as the Hawking radiation. To overcome this difficulty, 
Bekenstein 0, Q introduced the so-called total entropy 
^tot which is defined as 



>S't,nt — Sh 



Sn 



(1) 



where Sh and Sm are, respectively, the black hole entropy 
and the entropy of the surrounding matter. According 
to Bekenstein's argument, in general, the total entropy 
should be a non decreasing function. This statement is 
known as the generalized second law (GSL) of thermo- 
dynamics. 



A^tot > 0. 



(2) 
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Besides, if thermodynamical interpretation of gravity 
near the apparent horizon is a generic feature, one needs 
to verify whether the results may hold not only for more 
general spacetimes but also for the other principles of 
thermodynamics, especially for the GSL of thermody- 
namics. The GSL of thermodynamics is a universal prin- 
ciple governing the evolution of the universe. It was ar- 
gued that in the accelerating universe the GSL is valid 
provided the boundary of the universe is chosen the ap- 
parent horizon 27-31]. 

In this paper, we would like to extend the study to 
the fractal universe. Fractal cosmology was recently pro- 
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posed by Calcagni [32|, |33| for a power-counting renor- 
malizable field theory living in a fractal spacetime. It is 
interesting to see whether the Friedmann equation of a 
fractal universe can be written in the form of the first law 
of thermodynamics. As we will see, in a fractal universe, 
the Friedmann equation can be transformed to Clausius 
relation, but a treatment with nonequilibrium thermody- 
namics of spacetime is needed. 

In the next section we review the basic equations in 
the framework of fractal cosmology. In section III, we 
show that the Friedmann equation of a fractal universe 
can be written in the form of the fundamental relation 
SQ = ThdSfi, where 6Q and Th are, respectively, the en- 
ergy flux and Unruh temperature seen by an accelerated 
observer just inside the apparent horizon. In section IV, 
we check the validity of the GSL of thermodynamics for 
a fractal cosmology. The last section is devoted to some 
concluding remarks. 



It is clear that for v = 1, the standard Friedmann equa- 
tions are recovered. We further assume that only the 
time direction is fractal, while spatial slices have usual 
geometry. Indeed, in the framework of fractal cosmol- 
ogy, classically fractals can be timelike [v = v{t)] or even 
spacelike [v — v{x)] (see Ref. [33] for details). These two 
cases lead to different classical physics, but at quantum 
level all configurations should be taken into account, so 
there is no quantum analogue of space or timelike frac- 
tals. In this paper we take a timelike fractal. Thus, those 
parameters that depend on time change and those parts 
that related to x remain fixed. 

Assuming a timelike fractal profile v = 33 1, where 
/3 = 4(1 — a) is the fractal dimension, the Friedmann 
equations © and ([7]) in the absence of the cosmological 
constant can be written as 



9 k B 
t 



SttG 



6^2(/9+i) 



(9) 



II. FRACTAL UNIVERSE 

The total action of Einstein gravity in a fractal space- 
time is given by [H, [s^ 

S = Sg + Sm, (3) 

where the gravitational part of the action is given by 
1 



Sn = 



16ttG 

and the matter part of the action is 
S,n ^ / dg{x)y/^. 



dg{x)^/^{R-2A-ujd^vd^'v), (4) 



(5) 



Here g is the determinant of the dimensionless metric g^i, , 
A and R are, respectively, the cosmological constant and 
Ricci scalar, v is the fractional function and w is the frac- 
tal parameter. The standard measure d'^x replaced with 
a Lebesgue-Stieltjes measure dg{x) . The derivation of the 
Einstein equations goes almost like in scalar-tensor mod- 
els. Taking the variation of the action ([3]) with respect 
to the FRW metric 5^^, one can obtain the Friedmann 
equations in a fractal universe as [33j 



H- 



SttG a 



3' 



(6) 



SttG 



while, the continuity equation takes the form 
^H-j] {p + p) = 0. 



(10) 
(11) 



From the definition of the fractional integral [33|, |3J] , we 
know that a ranges as < a ^ 1. Thus for a = 1, we 
obtain /3 = which physically means that the universe 
does not have any fractal structure and one can recovers 
the well-known Friedmann equations in standard cosmol- 
ogy. As one can see from Friedmann equations © and 
prU) . we have no limit t ^ for a timelike fractal pro- 
file, since in this case the Friedmann equations diverge 
unless (3 = 0. This implies that at the early stages of the 
universe, we could not have the timelike fractal structure. 

In the remaining part of this paper we show that the 
differential form of the Friedmann equation (jH]) can be 
written in the form of the fundamental relation 6Q — 
TfidSh, where Sh is the entropy associated with the ap- 
parent horizon. We also investigate the validity of the 
GSL of thermodynamics for the fractal universe sur- 
rounded by the apparent horizon. 



H + H^- H- + -v^ = 

u 3 2 V 



'^T^G , „ \ A , , 
- — (p + 3p) + -, (7) 



where H — d/a is the Hubble parameter, p and p are the 
total energy density and pressure of the ideal fluid com- 
posing the universe, respectively. The curvature constant 
k = 0,1, —1 corresponding to a flat, closed and open uni- 
verse, respectively. The continuity equation in a fractal 
universe takes the form [sS] 



3H+-] {p + p) = 0. 



(8) 



III. FIRST LAW OF THERMODYNAMICS IN 
FRACTAL COSMOLOGY 

For a homogenous and isotropic FRW universe the line 
elements can be written 

ds^ = h^.^dx^'dx'' + f^{d9^ + sin^ 0d(l)^), (12) 

where r = a{t)r, x'^ = t,x^ = r, and /i^^=diag 
(— l,a'^/(l — kr^)) is the two dimensional metric. The 
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dynamical apparent horizon, a marginally trapped sur- 
face with vanishing expansion, is determined by the re- 
lation h'^'^dfj.fd^r = 0. Straightforward calculation gives 
the apparent horizon radius for the FRW universe as [sO] 



1 



rA 



The associated temperature T with the apparent horizon 
is given by 



Th = 



1 



2'nfA ' 



(14) 



where A = Anfj^ is the apparent horizon area and we 
have assumed the apparent horizon radius is fixed. We 
shall assume the matter source in the fractal universe has 
a perfect fluid form with stress-energy tensor 



(15) 



where p and p are the energy density and pressure, re- 
spectively. Assuming the total energy inside the apparent 



horizon is given by i? = pV , where V 



is the vol- 



ume of the 3-sphere of radius ta ■ Taking differential form 
of energy, we can obtain the energy flux dE = Vdp. Here 
we have assumed the volume enveloped by the apparent 
horizon is fixed during the infinitesimal internal of time 
dt. Thus — di? is actually just the heat flux 5Q in Q 
crossing the apparent horizon within an infinitesimal in- 
ternal of time dt, it is not the change in the matter energy 
inside the apparent horizon due to the volume change, so 
there is no term of volume change. Hence we can write 



dE = Vpdt. 



(16) 



Note that by taking v — t~^, from the continuity equa- 
tion (fTT|) we have p ^ {a^v{t))~^^~^^\ which shows that 
the measure weight v is hidden in p and thus it is not 
necessary to consider its variation in Eq. (16) separately. 

Substituting p from the continuity equation pT|) . we 
get 

dE = -4nm\{p + p)dt +^^{p + p)f\dt. (17) 

Differentiating Friedmann equation ([9]) with respect to 
the cosmic time t and using the continuity eauation (|lip . 
we find 



-At:GH{p + p) 



AttG 



2t2 

j]iP + P)- 



(18) 



Multiplying the factor {—f\) on both sides of Eg. dTSt . 
we reach 



^A 



4TTGH{p + p)r\ - 



w/3'(/3 + l) ~3 



6^2/3+3 

47rG/3 



3 t 



{p + pYa 



Differentiating Eq.([T3]) with respect to the cosmic time 
t, we obtain 



TA 



H H 



f3 



(20) 



(13) 

Substituting Eg. ([20)1 into ([T^ we can rewrite it as 



1 

G 



AT:H{p + p)f\dt^^^{p + p)f\dt. 



(21) 



Combining Eq. (IT7|) with (I?!]) and using the fact that 
SQ = —dE is just the energy fiux crossing through the 
apparent horizon, we have 



SQ 



1 

G 



dfA-f3 




^ fi\fi + 1) -3 

6 i2/3+3 



(22) 



Eq. can be further rewritten as 

1 2'KfA 



SQ 



2Trf-A G 



dvA 



2i2 2t I ^ 



6 i2/3+3 



(23) 



Using definition (|14p for the temperature, one can see 
that Eq. ([23l) is just the entropy balance relation. 



SQ = TfidSh 



provided we define 

27TfAdfA 2ttI3 



dSh = 



G 



G 







y2t 


2^2 J 



6 



^2^+3 



Integrating, we find 



(24) 



,dt. 



(25) 



Sh 



A 
AG 



2tt(3 




^/3(/3 + l) 



idt. 



(26) 



As one can see, in a fractal universe, the entropy Sh asso- 
ciated with the apparent horizon consists two parts, the 
first one obeys the usual area law and the second part is 
the entropy term developed internally in the system as 
a result of being out of equilibrium [3^1 • The entropy 
production rate vanishes for standard cosmology where 
/3 = 0. It is worth mentioning that even in standard 
cosmology one can still have non-equilibrium thermody- 
namics depending on the assumptions @. 



IV. GSL OF THERMODYNAMICS IN 
FRACTAL UNIVERSE 



In this section we investigate the validity of the GSL 
(19) of thermodynamics in a region enclosed by the apparent 
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horizon in the framework of the fractal universe. Let us 
put fc = for simphcity, so we have ta = ^/H, H — 

horizon, S^, can be written 



-f'A/r\- The total entropy associated with the apparent 



= ~Q 



2t 



6 i2/3+3 

Dividing Eg. ipTl) by dt, we arrive at 



r'Xdt 



(27) 



TATA - J^r^TA - 



' 6 i2fi+3 



(28) 



Eq. (|28|) . can be written as 
27r 



5;. 



G 



TATA 1 



G 2t^ ^ 



2t 

27rw/32(/3 + l)^, 



(29) 



G 6 i2/3+3 

The Fricdmann equation ^ , for a flat universe, becomes 
1 /? 1 uj^^ 8ttG 



t fA 6t2(/9 + l) 



(30) 



Differentiating the above equation with respect to the 
cosmic time and using the continuity eauation lfTTj) . after 
some simplification, we get 



f\\ 2/^) 2t^fA 6 i2;3+3 

= ^nGH{p + p)-^^[p + p). 

Solving this equation for f^, we find 

-1 



(31) 



[At:GH{p + p) 



47rG/3 ^ /3 1 , + 



Substituting t-a from Eq.([32|) into (f29| . we obtain 
27r 



Sh 



G 



-H- 



A7rGH{p + p)-^^ip + p) 



which can also be rewritten in the following form 



Si^, ^ 87:' H-^p + p) 1- 



3Ht 



(32) 



(33) 



(34) 



where we have used — H^^ for the flat universe. Let 
us discuss the two cases in which Sh >0. In the first case 
we assume the dominant energy condition valid, p + p > 



0, therefore Sh > 0, provided /? < 3Ht. However, in 
an accelerating universe the dominant energy condition 
may violate, p + p < 0. In this case 5*^ > provided 
j3 > 3Ht. However, as we will see below, the GSL can be 
still fulfilled in an accelerating fractal universe. 
For latter convenience we also calculate ThSh, 



ThSh = ^TTH-'{p + p) 1- 



3Ht 



(35) 



Next, we study the GSL of thermodynamics, namely the 
time evolution of the total entropy including the entropy 
Sh associated with the apparent horizon together with 
the matter field entropy Sin inside the apparent horizon. 
The entropy of the universe inside the horizon can be 
related to its ener^jy and pressure in the horizon by the 
Gibbs equation [36| 



TdSin = d{pV) + pdV ^ Vdp +{p + p)dV. 



(36) 



We assume the temperature of the perfect fluid inside the 
apparent horizon scales as the temperature of the hori- 
zon, which for flat universe is Th = H/{2tt). In general, 
if the temperature of the horizon differs much from that 
the fluid, then the energy would spontaneously flow be- 
tween the horizon and the fluid, something at variance 
with FRW universe [IB, 1131 • Thus we suppose that the 
temperature Th associated with the apparent horizon is 
Th — bT 28|, where 6 is a real proportional constant. 
Since at the present time the horizon temperature is lower 
than that of the CMB by many orders of magnitude, we 
will not consider the case 6 > 1 . We limit ourselves to the 
assumption of the local equilibrium hypothesis, that the 
energy would not spontaneously flow between the horizon 
and the fluid. Indeed, this will certainly be the situation 
at late times, that is when the universe fluids and the 
horizon will have interacted for a long time, it is ambigu- 
ous if it will be the case at early or intermediate times 
[3^. However, in order to avoid nonequilibrium ther- 
modynamical calculations, which would lead to lack of 
mathematical simplicity and generality, the assumption 
of equilibrium, although restricting, has widely accepted 
for studying the GSL in the literature 's^. Thus, we fol- 
low this assumption and we notice that our results are 
valid only at the late stages of the universe evolution 
where the universe fluids and the horizon will interact 
for a long time. 

Let us flrst consider the case where 5=1. Physically, 
this means that we have assumed during the inflnitesimal 
internal time dt, the temperature of the perfect fluid is 
equal to the temperature Th associated with the apparent 
horizon. Therefore, from Gibbs equation, after using the 
continuity equation p4|) . we get 



TSin = ^inH-'ip + p) 1^1 
+4TrH-'^{p + p)rA. 



3Ht 



(37) 



To check the GSL of thermodynamics, we have to exam- 
ine the evolution of the total entropy Sh + Sin- Adding 
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equations (l35t and (|37|) . we get 

n{Sk + Sin) ^ 47rH-^ip + p)fA ^ A{p + p)i^A, (38) 

where A — AttH^^ is the apparent horizon area. The 
deceleration parameter q can be written as 



H 



(39) 



Using the fact that in flat FRW universe we have ta = 
-H/H'^, Eq.dSHl) can be written as 



Th{Sh + Sin) = Ap{l + w){l+q), 



(40) 



where w — p/ p is the equation of state parameter. From 
the above equation we see that for {l + q){l + w) > the 
GSL of thermodynamics is fulfilled in a region enclosed 
by the apparent horizon. Let us consider two cases sep- 
arately. In the first case where q > —1 and w > —1, the 
GSL holds. Recent observations from type la supernova 
show that our universe is currently undergoing a phase 
of accelerated expansion. For an accelerating universe 
we have q < and w < —1/3. Therefore, in an acceler- 
ating universe the GSL is fulfilled for — 1 < g < and 
— 1 < w < —1/3 which are consistent with recent obser- 
vations. In the second case where q < —1 and w < — 1, 
the GSL is again fulfilled, but in this case the equation of 
state parameter crosses the phantom line, w = —1, which 
again some cosmological data confirm it. Now we con- 
sider the general case where & < 1. Since at the present 
time the horizon temperature is lower than that of the 
CMB by many orders of magnitude, we will not consider 
the case 6 > 1. Adding equations (|55|) and (|37l) with 
Tfi ^ bT, we obtain 



ThiSh + Sin) = 4ttH-^p+p) ( 1 - 
+4TrbH-^{p + p){l + q) 



_£_ 

3Ht 



{1-b) 



AttH ^{p + p) 
4ttH^^p{1 + w 



JL 

3Ht 
bq 



(1 - 6) + 6(1 + q) 



_£_ 

3Ht 



(l-b) 



(41) 



Equation (|4T|) shows that for w > —1, the GSL can be 
secured provided that 

^(1 ~b)< 3m{l + bq). (42) 

Thus, for b < 1, Eq. can be translated to 

'l + bq' 



1 - b 



(43) 



Since /3 is a positive definite, that is /3 > 0, hence the 
above condition can also be written 



0<P<3Ht 



1 + bq 
1 - b 



(44) 



The right hand side of inequality (|44|) should be positive, 
which leads to q > —b~^. In an accelerating universe 
q < 0, and hence the condition for keeping the GSL in a 
fractal universe reduced to —b~^ < q < 0. 

On the other hand, if equation of state parameter 
crosses the phantom line, which some observational data 
support it, then we have w < —1. In this case, the GSL 
holds provided 



Pil-b) > 3Ht{l + bq). 
For 6 < 1, the GSL can be fulfilled if 

'l + bq' 



/3 > 3Ht 



1-b 



(45) 



(46) 



We conclude that the requirement of the GSL of ther- 
modynamics in a fractal universe leads to constraint on 
the fractal dimension parameter /?. It is worth noting 
that our local equilibrium hypothesis, which we used for 
checking the GSL, only valid at the late time. Thus, the 
result obtained in this secion have no t — >■ limit. 

Finally, it is instructive to discuss the sign of the en- 
tropy and temperature, when the universe lies in the 
phantom phase (w < — 1). A lot of works have been done 
in the literature, showing that in the absence of chemi- 
cal potential in phantom regime, the temperature must 
be negative, while the energy density and the entropy 
should be positive [39|, ii^l • In [HI a negative chem- 
ical potential was assumed for the phantom fiuid, and 
showed that the temperature, entropy and density must 
be positive. In 43] it was shown that with an arbitrary 
chemical potential the density and entropy are always 
positive, while the temperature of a phantom universe 
{w < —1) is negative, and that of quintessence universe 
{w > —1) is positive. The temperature negativity can 
only be interpreted in the quantum framework j43]. In 
[36| it was found that the phantom temperature is posi- 
tive and its entropy negative. Finally, in [13, it was 
argued that one can describe the phantom universe ei- 
ther with negative temperature and positive entropy, or 
with negative entropy and positive temperature. Since 
the horizon temperature is always positive, it is deduced 
that the universe temperature will be positive even if it 
lies in the phantom phase. Thus we should have a neg- 
ative universe entropy in this case. Although the total 
entropy is always positive. Because negative entropy of 
the universe ingredients is overcome by the positive hori- 
zon entropy. 



V. CONCLUDING REMARKS 

In summary, in this paper we studied thermodynam- 
ics of the apparent horizon in the framework of fractal 
cosmology. We found that the Friedmann equation of 
a fractal universe can be transformed to the fundamen- 
tal relation 6Q = T^dSh on the apparent horizon, where 
5Q and Th are the energy flux and Unruh temperature 
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seen by an accelerated observer just inside the apparent 
horizon. We showed that the entropy Sh consists two 
terms, the first one which obeys the usual area law and 
the second part which is the entropy production term and 
appears due to the nonequilibrium thermodynamics of 
the fractal universe. This indicates that in a fractal uni- 
verse, a treatment with nonequilibrium thermodynamics 
of spacetime maybe needed. We also investigated the 
time evolution of the total entropy including the entropy 
Sh associated with the apparent horizon together with 
the matter field entropy 5in inside the apparent horizon. 
We assumed the temperature of the apparent horizon is 
proportional to the matter fields temperature inside the 
horizon, i.e. Th = bT. We studied several cases including 
b < 1 and b = 1, in which the GSL of thermodynamics 
can be secured in a fractal universe. Interestingly enough. 



we found that for an accelerating fractal universe the GSL 
can be preserved, at least for the late times where the lo- 
cal equilibrium hypothesis holds. The fulfillment of the 
GSL of thermodynamics in an accelerating fractal uni- 
verse leads also to constraints on the fractal dimension 
parameter 13. 
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